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Abstract 

We derive electroweak Z-string solutions in the Glashow-Weinberg-Salam model with 
two Higgs doublets. The existence of such solutions in particular requires a specific 
relation between the ratio of the two Higgs vacuum expectation values, i.e. tan/3, 
and the couplings in the Higgs potential. 
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One of the most mysterious parts of the electroweak theory hes in the Higgs sector. Higgs 
was introduced to achieve the electroweak symmetry breaking without spoihng the consistency 
of the theory. However, this so-much-wanted scalar particle has been escaping from all current 
searches and is still at large. The spontaneous symmetry breaking induced by the Higgs system 
can often generate vacuum defects fll] and it turns out that the electroweak theory may not be an 
exception 0. 

In this letter we shall investigate the structure of a string-like defect (so-called "Z-string") in 
the two-Higgs-doublet standard model0, This is also strongly motivated by the recent growing 
anticipation that the minimal supersymmetric Grand Unified Theories (GUT's) may lead to a 
phenomenologically plausible unified theory of strong and electroweak interactions. These super- 
symmetric GUTs in general require at least two Higgs multiplets for the electroweak symmetry 
breaking[^. Thus the true Higgs system to lead to the electroweak symmetry breaking may be a 
multi-Higgs one. 

In the two-Higgs-doublet models each Higgs gets its own vacuum expectation value (VEV), 
say f 1, f2, to spontaneously break the SU (2) x f/(l)y symmetry down to the f/(l)em- These VEVs 
are phenomenologically important but unfortunately they are not determined theoretically except 
in some no-scale models]^. The geometric sum = vf+V2 can be determined in terms of the 
mass of the gauge boson, where v denotes the electroweak symmetry breaking scale. This however 
leaves the ratio of the two VEVs, tan/3 = V2/V1, still undetermined. Thus it is very important 
to understand the rationale behind the symmetry breaking with two VEVs and to look for any 
mechanism to determine the ratio rather theoretically, if possible. 

With such motivation in mind we shall pay particular attention to the role of tan/5 in the 
structure of the Z-string. A toy model of two Higgs scalars coupled to the U{1) abelian gauge 
field has been investigated by the author before and indeed vortex solution in this model requires 
a specific relation between tan/? and the couplings in the Higgs potential]^]. In this letter we 
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report that such a structure is indeed quite generic even in a reahstic model hke the standard 
model, although there are some subtle differences involved. We shall present the backbone of the 
structure here, but more detail can be found in ref.|p. We also expect that such a structure will 
persist in the supersymmetric cases. 

We shall use the CP invariant two-doublet Higgs potential that induces SU{2) x f/(l)y — > 
U{l)em symmetry breaking]^, |]: 

^(01, 02) = \Xi (|0iP - vlf + (|02p - vlf + iAa (|0ip + |02p - vl - vlf 

+ A4(|0in02p-|0l02p)+A5 

where 0i, 02 are SU{2) doublets. In this letter we shall stick to the general case that Aj 7^ 
for i = 1,2,3 and also assume that all Aj, j = 1, ... ,5 are nonnegative. This potential shows 
01 ^ 02 discrete symmetry, which is necessary to suppress the flavor changing neutral current. 
Then we shall find that this system reveals a rather interesting result, which cannot be obtained 
otherwise. The key observation is that the spontaneous symmetry breaking of Eq.(0) leads to a 
vortex solution, whose existence will introduce an extra condition on the Higgs VEVs. 

Consider the bosonic sector of the standard model described by the Lagrangian density 

C = -itrG^.G'^'^ - iF^'^F^, + |D^0i|2 + \D^<j)2\^ - \/(0i,02), (2) 

where F^, = d,B, - d,B^, = d^W^ - d,W^ + ge'^V^W^, and D^ = d^- ig%B^ - ig^iW^^. 
Both Higgs' have hypercharge Y = 1. 

Then the equations of motion for the scalar fields are 

= D^D^0i + Ai (|0i|2 - vl) 01 + A3 (|0iP + |02p - vl - vt) 01 

+ A4 (102^01 - (020l)02) + A5(0201 " ^^1^^2)02, (3) 
= D^Z^^02 + A2 (|02|' - vl) 02 + A3 (|0l|' + |02r - vl - vl) 02 

+ A4 (|0ir02 - (0102)0l) + A5(0l02 - ^^1^^2)01, (4) 
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0102 - V1V2 



and for the gauge fields we have 



(5) 



jiu — 



-d'-G^ - ge^'^^W'^^G^ = ^ Jl + J^, (6) 
Jl = \W [(t^yd,<Pi - V>,] + \gg'B,<py<P, + i^^'W^.V.VvVi, ^ = 1, 2, 

For time-independent solutions we choose Bq = Q = Wq gauge and impose the cylindrical symme- 
try around the string, then the system effectively reduces to a two-dimensional one. In this case 
the string solutions in the (1 -|- 3)-dimensional spacetime correspond to the vortex solutions in M?. 
When Higgs gets VEV, the false vacuum region forms vacuum defects. As usual, we redefine the 
neutral gauge fields as 



= cos 6wBf^ + sin 6wW^, = sin OwB^j^ - cos 9wW^, 



(7) 



where 9w is the Weinberg angle defined by tan 9w = g'/g- We shall also use g = \\/ g^ + g'^ for 



convenience. 



For vortex solutions it is convenient to represent them in the polar coordinates (r, ff) |T0| such 



as 
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Z = e0-Z{r) 
r 



where m, n are integers identifying each "winding" sector ( we shall come back to this point later 



again.). Here we are mainly interested in the case of = = VF^, but we expect there are other 
solutions similar to the case of ref. f^. Then Eqs.(||,||) become 

- \{rdrB0) + - ^ [(m - \{g'Be - gWl)) fl + {n- \{g'B0 - gWl))ff\ = 0, (9) 
-^dr{rdrW^) + ^W^ + ^-[{m-'^{g'Be-gWi))f,+{n-l{g'B0-gWi^^ =0. (10) 
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As we can easily see, satisfies a trivial equation so that we can set = 0. Thus from the rest 
of the equations of motion we obtain 

-ldr{rdrh)+^h{m-gZ)' + {X, + X,){f,-vl)f, + X,{f^-^^^^ 

-ldr{rdrf2)+^f2{n-9Zf + {X2 + X3){f^~vl)f2 + X3{f,-vl)f2 + X,{^^^^^ 

- dlZ + \z-2g [(m - gZ)fl + {n - ^Z)/|] = 0.(13) 

Note that A4 coupling does not take part in this structure classically. 

To become desired finite-energy defects located at r = the solutions we are looking for should 
satisfy the following boundary conditions: 

/i(0)=0, /2(0) = 0, Z(0) = 0, 

(14) 

/i — > fi, /2 — > f2, Z const, as r — > cxd. 
The constant for the asymptotic value of Z will be determined properly later. 

In general for arbitrary coupling constants it will be a formidable task to solve these equations 
exactly due to the complexity of the Higgs potential, but we can always look for asymptotic 
solutions. Fortunately, for our purpose it turns out to be good enough to find approximate 
solutions for large r. 



Imposing the boundary conditions at large r, Eqs. (11,12) become consistent only ii m = n 
and that it fixes the asymptotic value Z n/g as r ^ 00. This implies that there is no vortex 
solution of different "winding" numbers for different Higgs fields. With this condition of winding 
numbers we can solve Eq.([T3D for large r to obtain ||T0|| 



Z^^-nJ^y^e-^/' + ..., (15) 
9 V 2^ 

where X = 1/gv is the characteristic length of the gauge field. Note that the characteristic length 
defines the region over which the field becomes significantly different from the value at the location 
of the defect. 



The asymptotic solutions for 0i and 02 can be found as follows: For simplicity we consider 
n = 1 case, but the result does not really depend on n. Asymptotically we look for solutions of 
the form 



/i - ~ cie' 



/2 - W2 ~ C2e' 



(16) 



where Ai and A2 are the characteristic lengths of 0i and 02 respectively and the constant coefficients 
Ci and C2 are in principle calculable. Note that we can normalize any non-dimensionful constants 
in Ci to be the same. Furthermore, for our purpose only the ratio is relevant. Therefore these 
constants can be taken as Ci = —Vi and C2 = — f 2 in a good approximation. Then in the leading 
order we obtain 



V2e 



-r/S.2 



--2 + 2(Ai + \s)vf + X^vl 

SI 



■-2 + 2(A2 + \3)vl + X^vf 

S2 



+ (2A3 + X,)v,vle-'/^' + 
+ (2A3 + \,)vlv2e-'/^' + 



■ 
0, 



(17) 
(18) 



where the ellipses include terms which vanish more rapidly as r 00. 

Recall that A3 > and A5 > so that 2A3 + A5 7^ 0. Thus to have any vortex solution we are 
forced to identify the two characteristic lengths of the scalar fields such that 

e = 6 = 6- 



Therefore we get the desired result by demanding the vanishing coefficients of e in Eqs.([T7|. 



as 



tan P 



V2 



I Xi — A5 



A3^0 orAs^O. 



(19) 



vi \IX2-X5' 

Thus we have determined the ratio of the two Higgs VEVs in terms of the couplings in the Higgs 
potential. This tells us that although different Higgs field gets different VEVs, their characteristic 
lengths should be the same to form a single defect. Both Higgs should reach the true vacuum at 
the same distance. To do that the two VEVs should satisfy a proper relation, which is Eg. (p!9|) . 
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Furthermore, together with f , we can completely determine the VEVs as 



The characteristic lengths ^1,^2? now satisfy 



^ yVAiA2 + A2A3 + A3Ai-A5(2A3 + A5)' ^ ' 

Note that, although tan/3 does not depend on A3, it is crucial to have nonvanishing A3 or A5 
coupling to obtain such a result. The gauge boson mass is Mz = 1/X = gv after spontaneous 
symmetry breaking. 

In this two-Higgs-doublet model there are five physical Higgs bosons: H^, A^, H^, h^. A'^ is 
a CP-odd neutral scalar, while H^, are CP-even scalars. denotes the lightest Higgs. Using 
Eq. (pop , we can compute the masses of all these physical Higgs bosons in terms of the couplings in 
the Higgs potential and v, where v = 246GeV. A5 is related to M40 and Muo^ho can be determined 
in terms of Ai, A2, A3, A5 and v. Thus we only have five free parameters. 

The appearance of integers in the solutions, which we still call "winding" number, is rather 
intriguing because there is no explicit U{1) symmetry to be broken which should determine the 
necessary topological sector. If our vortex solutions are nontopological as in ref. [^, there should 
not be such a parameter. This however can be explained as follows: If we regard = = VF^ as 
gauge fixing conditions, then effectively we can view the symmetry of the system asf/(l)x?7(l)y. 
When we twist this symmetry to obtain U{l)emi the remaining twisted U{1)~ is spontaneously 
broken to lead to the winding sector. This perhaps would be also explained similarly from the 



point of view of ref.0], which analyzed the topological origin of the semilocal defects [p!3|] . 

So far we have not mentioned anything about the stability of this electroweak Z-string solution 
obtained in this model. Even in the very special case in which the gauge coupling is related to 



some of the Higgs couplings, it is most likely that this solution would not saturate the Bogomol'nyi 
bound. Thus it may not be a stable solution, although it is a finite energy solution. But this does 
not forbid us from using the argument presented here to fix tan (3 because it does not depend on 
the stability of the solution. We hope future studies can clarify this issue. 
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